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^f\ Recently it has been speculated that the S-matrix elements on the world volume of 



D3-branes should satisfy the ward identity corresponding to the S-duality transforma- 



T-i- | tions. For a single brane and in the low energy limit, this indicates that in the abelian 

Dirac-Born-Indeld-Chern-Simons theory the combination of contact terms and tree- 



level massless poles in an n-point function should satisfy the S-duality. In this paper 
we examine in details the S-matrix element of three gauge bosons and one two-form 
and the S-matrix element of six gauge bosons in favor of the above proposal. 
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1 Introduction 

It is known that the type IIB superstring theory is invariant under S-duality [U [2J [3J HJ 
[6] . This symmetry should be carried by the S-matrix elements through the associated 
Ward identity [7j. That is, the S-matrix elements should be invariant under linear S- 
duality transformations on the external states and nonlinear S-duality transformation on the 
background fields. In particular, the S-matrix elements on the world volume of D 3 -branes 
should be invariant under nonlinear S-duality transformations on the coupling constant 
and on the background R-R scalar field. This requires, in general, to combine the tree-level 
amplitudes with loop and non-perturbative amplitudes [8] ■ 



The world volume theory of a single D3-brane at low energy is given by the Dirac-Born- 
Infeld-Chern-Simons (DBICS) action [28l 1291 1301 I3T] . This action is not invariant under the 
S-duality, however, its equations of motion and its energy-momentum tensor are invariant 
under the S-duality [31]. In this paper, we would like to study the S-dual Ward identity 
of the S-matrix elements in this theory. The DBICS theory is not renormalizable, hence, 
the degree of momentum of an S-matrix element at tree-level is different from the degree 
of momentum at one loop-level, the degree of momentum at one loop-level is different from 
the degree of momentum at two loop-level, and so on. On the other hand, the standard S- 
duality transformations do not receive a' correction. As a result, the S-dual Ward identity 
in the DBICS theory can not relate the tree-level amplitudes to loop-level amplitudes. 
Instead, the Ward identity should leave invariant the tree-level amplitudes. It should relate 
the one loop-level amplitudes in this theory to the appropriate higher derivative corrections 
of the DBICS theory and to the appropriate non-perturbative amplitudes. Similarly for 
higher loop-level amplitudes. In this paper, we would like to show by explicit calculations 
that the combination of tree-level massless poles and contact terms in the DBICS theory 
satisfies the S-dual Ward identity. 

The outline of the paper is as follows: We begin in section 2 by reviewing the low energy 
effective action of a single D 3 -brane. In section 3, we calculate the scattering amplitude of 
three gauge bosons and one two-form in the presence of the background dilaton and R-R 
scalar fields. In subsection 3.1, we show that the amplitude satisfies the Ward identity 
corresponding to SL(2, R) transformations. In section 4, we calculate the S-matrix element 
of six gauge bosons and show that the amplitude satisfies the S-dual Ward identity. 



2 D-brane effective action 

The bosonic massless fields on the world volume of D-branes are the world volume gauge 
boson and the transverse scalar fields. When the derivatives of the world volume field 
strengths and the derivative of bulk fields are small compare to a', the dynamics of the 
D-branes of type II superstring theories is well-approximated by the effective world- volume 
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field theory which consists of the Dirac-Born-Infeld (DBI) action and the Chern-Simons 
(CS) part. The DBI action describes the dynamics of the brane in the presence of NS-NS 
background fields, which can be found by requiring its consistency with the nonlinear T- 
duality [25] EH]- On the other hand, the CS part describes the coupling of D-branes to the 
R-R potentials (201 EI]- The DBICS action in the Einstein frame for single D 3 -brane is|jn| 

S D 3 = ~T D3 J d A x^- det(<u + e-^B ab ) (1) 

+T D3 J[C {A) + C (2) AB + ic (0) ABAB] 

All the bulk fields in the action are pull-back onto the world- volume of D-brane, e.g., 

dX»dX u 

9ab - g»v daa d(jh (2) 

where X a = a a in the static gauge and the transverse scalar fields are all other components 
of X M , i.e., X % = 27ra'Q\ The abelian gauge field can be added to the action as B — > 
B + 2na'F. This makes the action to be invariant under the B-field gauge transformation. 
This action is also invariant under the following R-R gauge transformations: 

5C = dA + HAA (3) 

where C = C^ + C® ,A = A® + A^ and H is the field strength of 5, i.e., H = dB. The 
above action is not invariant under S-duality. However, it has been shown in [31] that the 
equations of motion and energy-momentum tensor of this action are invariant under the 
SL(2,R) transformations. 



3 Three gauge bosons and one two-form amplitudes 

Using the action ([[]), one can calculate the scattering amplitude of three gauge bosons and 
one two-form in the presence of the background dilaton and R-R scalar fields. The two- 
form can be either the antisymmetric B-field or the R-R two-form. When the two-form is 
the R-R two-form, the amplitude has only massless pole which is given by the following 
Feynman rule: 

A(Ci 2) ) = V a (F 1 ,F 2 ,F 3 ,A)G ab (A)V b (A,d 2) ) (4) 



-'^We are using the convention in which the asymptotic value of the dilaton is zero. In this convention 
the D-brane tension and the D-brane charge arc identical 32 . 

2 Our index convention is that the Greek letters (/i, v, ■ ■ •) are the indices of the space-time coordinates, 
the Latin letters (a, d, c, • • •) are the world- volume indices and the letters (i,j, k, ■ ■ ■) are the normal bundle 
indices. 



.(2) 



where F\, F 2 , F 3 are the polarizations of the external gauge bosons, C 4 is the polarization 
of the external R-R two-form and A is the off-shell gauge field propagating between the two 
vertices. The vertices and the gauge boson propagator can be read from (TjQ) to be 



V a (F 1 ,F 2 ,F 3 ,A) 



-20o 



k.F v F 2 -F* - -k-F?Tr{F r F 3 ) 



+ P(1,2,3) 



V b (A, C, 



(2h 



G ab (A) 



~ h-{*c{ 2) ) 



k-k 



(5) 



1(2) > 



i(?)\cd 



where {*Cf) a b = ^abcd(C 4 ) cd . In above equations, P(l,2,3) stands for the other five 
permutations of 1,2,3, and k is the off-shell momentum in the propagator which is k = 
— k 4 = k\ + k 2 + k 3 . We have ignored the factors of (27ra') and Tu 3 . 



Replacing (J5J) in the amplitude (jl]), one finds the following result: 



A{C. 



(2)> 



-00 



k 4 -k 4 



1 
4' 



h-F v F 2 -F 3 -*C? ] -k 4 - 7&4-Fi-*Cf ^fe^Fa-Fa) 



+ P(1,2,3) (6) 



The amplitude satisfies the Ward identity corresponding to the abelian gauge symmetry 
and to the R-R gauge symmetry, e.g., if one re 
arbitrary one-form, the amplitude becomes zero. 



and to the R-R gauge symmetry, e.g., if one replaces C 4 — > k 4 A Q where Q is an 



When the two-form is the B-field, the amplitude has massless pole as well as contact 
term which are given by the following Feynman rule: 

A(B 4 ) = V a (F 1 ,F 2 ,F 3 ,A)G ab (A)V b (A,B 4 ) + V(F 1 ,F 2 ,F 3 ,B 4 ) (7) 

where P 4 is the polarization of the external B-field. The vertex V b (A, B 4 ) and the contact 
term V(F 1 , F 2 ,F 3 , B 4 ) can be read from ([T]) to be 

V b (A,B 4 ) ~ e-*°h-B b A + C k 4 -*B b 4 



V(F U F 2 ,F 3 ,B 4 ) 



* 4 1 wg /i, 4 -.-jj 4 
V 2 * (tt(B 4 -F v F 2 -F 3 ) - \tt(B 4 -F 1 )Tt(F 2 -F 3/ 



(8) 
P(l,2,3) 



2 V v ' 4 

Note that the dot means the contraction of the world volume indices, so even though 
(k 4 ) fJb B 4 1 ' = 0, the expresion k 4 -B\ in the first line is not zero. Replacing the vertices and 
propagator in ([7]), one finds the following result: 



A{B 4 



—e 

2 



-20o 



Tr(P 4 -F r F 2 -F 3 ) - -Tr(P 4 -Pi)Tr(P 2 -P 3 ) 



-20o 



k 4 -k 4 



k 4 -F r F 2 -F 3 -B 4 -k 4 - -k 4 -F r B 4 -k 4 Tr(F 2 -F 3 ) 



(9) 



C e~ 



k/i-k 



4'M 



k 4 -F r F 2 -F 3 -*B 4 -k 4 - -k 4 -F r *B 4 -k 4 Ti{F 2 -F 3 ) 



+ P(1,2,3) 



One can easily check that the amplitude satisfies the Ward identity corresponding to the 
B-field gauge symmetry, i.e., if one replaces P 4 6 — > k1( b — k 4 Q, the amplitude vanishes. 



3.1 S-dual Ward identity 



To study the amplitudes (ED and (JSJ under the Ward identity corresponding to the global 
S-duality, one has to find the linear S-duality transformations on the external states and 
nonlinear S-duality transformations on the background fields [TJ [33]. The S-duality trans- 
formation on the two-forms is a linear transformation, and on the gauge field is a nonlinear 
transformation [3U [351 EE]. The S-duality transformation on the two-forms and the lin- 
earized S-duality transformation on the gauge field are the following [33J [35J 136] : 



B 



-l\T 



{X- 1 ) 1 B , 7 — ► (A" 1 )' T ; AeSL(2,R) 



where the doublets B and T are 

B ~ ( (7(2) J ' ? ~ 

The S-duality transformation on the background fields 

M -)> AM A T 




(10) 
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and C n is 



where the matrix .Mn is 
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■<Po 



\T0f 

Co 



Co 

1 



;i2) 



(13) 



and To = Co + ie - * . Since the dilaton and the R-R scalar appear only as the background 
fields in the amplitudes ([6]) and fl9]), we keep the nonlinear form of f JT2|) in studying the 
S-dual Ward identity. 

To demonstrate that the amplitudes (Q and (EJ) satisfy the S-dual Ward identity, we 
have to show that they are invariant under the above transformations. To this end, we 
consider the following terms: 



(*^ ) a c MoB cb 
{Fl) a c MoJF 2cb 



e^°F a c B cb - {*F) a c cT ~ Co{*F) a c B cb 
e-' i, %*F l ) a c {*F 2 ) cb + F la c F 2cb ] 



(14) 



Using the transformations ( flUj) and ( 1T2|) . one can easily verify that the left-hand sides are 
invariant under the S-duality. Using these S-duality invariant terms and using the following 
identity: 



(15) 





rf e 


TjO-f 


ag 


^.ah 


abed ef gh 


yj>e 




rfg 


rJ>h 




rf e 


rqdf 


dg 


yjlh, 



one can construct the following S-duality invariant contact term: 
Tr(7f MqT 2 * J%M B A ) = 



(16) 



— e 



-20o 



Tr(B 4 -F l -F 2 -F 3 )+Tr(B 4 -F 2 -F 1 -F 3 ) - -Tr(B 4 -F 3 )Tr(F r F 2 ) 



-C e 



-4>o 



—<t>o 



Tr(*B 4 -F v F 2 -F 3 ) + Tr(*B 4 -F 2 -F r F 3 ) - -Tr(*B 4 -F 3 )Tr(F r F 2 ) 



y(2) 



.(2) 



.(2) 



Tt(*CI A) -F 1 -F 2 -F 3 ) + Tt(*C^-F 2 -F 1 -F 3 )--Tt(*CI z >-F 3 )Tt(F 1 -F 2 ) 



where the traces are over the world volume indices, and the following S-duality invariant 
massless pole: 

h-jfMo^ * J r 3 M B 4 -k 4 _ 



k 4 -k 



(17) 



4 '"4 
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^U'O 


k.i 


■k 4 


e~ 


-<t>o 



- k 4 -B 4 -F 3 -F v F 2 -k 4 - k 4 -B 4 -F r F 2 -F v k 4 + -k 4 -B 4 -F 3 -k 4 Tr(F v F 2 ) 



+ 



Ka ' /C, 



4" "-4 



.(2) 



.(2) 



i(2) 



k 4 -*Cr>-F 3 -F 2 -F l -k 4 + k 4 -*C ( 4 A) -F 1 -F 2 -F 3 -k 4 --k 4 -*C ( 4 , -F 1 -k 4 Ti(F 2 -F 3 ) 



Wh 



.(2)n 



-fc 4 -fc 4 Tr(F 1 -F 2 -F 3 -*CT>) + -A; 4 -A: 4 Tr(F 1 -*Cr J )Tr(F 2 -F3 



--^•^•Fs-^Tr^r*^ 



(2)^ 



-k 4 -F 1 -F 2 -k 4 Tr(F 3 -*C 4 



(2)^ 



-k 4 -F v F 2 -*Cr-F 3 -k 4 + k 4 -F 2 -F 3 -*C [ 4 ] -F v k 4 



+ 



/c 4 - A; 4 



k 4 -*B 4 -F r F 2 -F r k 4 + k 4 -*B 4 -F r F 2 -F r k 4 --k 4 -*B 4 -F r k 4 Tr(F 2 -F 3 ) 
-k 4 -k 4 Tr(F r F 2 -F 3 -*B 4 ) + -k 4 -k 4 Tr(F r *B 4 )Tr(F 2 -F 3 ) 
--k 4 -F 2 -F 3 -k 4 Ti{F r *B 4 ) + h 4 -F r F 2 -k 4 Tr{F 3 -*B 4 ) 

-k 4 -F r F 2 -*B 4 -F 3 -k 4 + k 4 -F 2 -F 3 -*B 4 -F 1 -k 4 

Note that the right-hand side of above equation has both massless poles and contact terms, 
i.e., the terms which have coefficient k 4 -k 4 are contact terms. The contact terms have the 
same structure as the contact terms in the second and the third lines of ( TT6l) . On the other 
hand, the scattering amplitudes (EJ) and (J9j) do not have the contact terms that appear in 
the second and the third lines of ffTBI) . Hence, the two S-duality invariants f|T6|) and ffTTj) 
should be combined with appropriate coefficients to cancel these undesirable contact terms, 
and produce the contact terms and the massless poles in the scattering amplitudes fl6]) and 
([9]). In fact, one can write the combination of these amplitudes, i.e., A = A(C 4 ) + A{B 4 ) 
as 



A ~ -Tr( T{ M F 2 * Ti M B 4 ) } 



1 h-FfMo^ * J^MoB^h 



Ka ' t\i. 



+ P(1,2,3) 



\i 



4 -A-4 



Hence, the tree-level S-matrix element of three gauge bosons and one two-form satisfies 
the Ward identity corresponding to the gauge symmetries and to the S-duality. Note that 
there is no need to add loop or nonperturbative effects to satisfy the S-dual Ward identity. 
The loop amplitudes in the DBICS theory are in higher order of momentum, so the S-dual 
Ward identity does not allow to add them to the tree-level amplitudes. 

We have also calculated the scattering amplitude of one gauge boson, two transverse 
scalars and one two-form. Using the fact that the transverse scalar in the abelian theory is 
invariant under the S-duality, we have found that the amplitude satisfies the S-dual Ward 
identity. 



4 Six gauge bosons amplitude 



In this section we are going to show that the scattering amplitudes of only gauge bosons 
also satisfy the S-dual Ward identity. The first non-zero scattering amplitude of gauge 
bosons in the DBICS theory is the S-matrix element of four gauge bosons which has only 
contact terms. It has been shown in [33] that this amplitude can be written in manifestly 
S-dual invariant form as 

A ~ Tr(F?M ftJ^MoFJ + Tt^MqT^Mo^) + Tr(jf M^tffi M q T 3 ) 

All higher point functions have both contact terms as well as massless pole. 

The S-matrix element of six gauge bosons in which we are interested in this section, is 
given by the following Feynman rule: 
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A = J2^ + v ( F ^ F ^ F ^F i ,F 5l F 6 ) 



(19) 



where the massless poles are given as 



A 1 
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A)G ab (A)V b (AF A 


F 5 


Fe 


A 2 


= v a {F x 
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Fa 


A)G ab (A)V\A,F 3 


F 5 
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= v a {F x 


F 2 
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F 6 
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F 2 


F e 
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Fa 
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Fa 
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Fa 


F 5 
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F 6 
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= V a (F 1 
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F e 


A)G ab (A)V b (A,F 2 


F 3 


F 5 
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= V a (F 1 


F 5 


F e 


A)G ab (A)V b (A,F 2 


F 3 


Fa 



(20) 



where the vertex and propagator appear in ([5]), and the contact term can be read from (JT]) 
to be 



V(Fi, F 2 , F 3 , F 4 , F 5 , F 6 



g-3</>o r 3 

— TV(F r F 2 -F 3 -F 4 -F 5 -F 6 ) - -Tr(F r F 2 )Tr(F 3 -F 4 -F 5 -F 6 ) 

+ ^Tr(F 1 -F 2 )Tr(F r F 4 )Tr(F 5 -F 6 ) 



P(l, 2,3,4,5,6) (21) 



where P(l,2, 3,4, 5, 6) stands for all other permutations of 1,2,3,4,5,6. Note that the 
action ([T]) has the coupling C A F A F, however, for constant background field C it does 
not produce the vertex V(Cq, F 1; A) a , so there is no other term in the amplitude ffT^l) . 

Using the vertex and the propagator in ([5]), one can easily calculate the massless poles 
in ( l2il . e.g., Ai becomes 



A x 



g— 3</>o 



k-F r F 2 -F 3 -F 4 -F 5 -F (i -k-~Tr(F r F 2 )k-F 3 -F 4 -F 5 -F 6 -k (22) 



k-k 

-^■F r F 2 -F 3 -F 4 -£Tr(F 5 -F 6 ) + ^-k-F 3 -F 4 -kTi(F r F 2 )Ti(F 5 -F 6 
4 16 



+ 



where k = k\ + k 2 + k 3 = — (k 4 + k$ + ko), and dots represent all other terms resulting from 
the permutations of the labels in the vertex ([51). Similar relations can be found for all other 
A 2 , • • • , A\q. Since the result is in terms of field strength of the external polarization vectors, 
i.e., Fi, the amplitude ( 1T9J1 satisfies the Ward identity corresponding to the abelian gauge 
transformation. In the next subsection, we show that it also satisfies the Ward identity 
corresponding to the S-duality. 



4.1 S-dual Ward identity 

The contact terms ( 12~T|) and the massless poles ( 12"2"|) show that the amplitude ([TU]) is in- 
dependent of the background R-R scalar field C . Therefore, to study the S-dual Ward 
identity of the amplitude (fT9|) . one can set Co = in the S-duality transformations (fTUj) 
and ( TT2|) . To simplify this study, we choose the SL(2, R) matrix A to be 

M-! I) <*> 

This simplifies the S-duality transformations (fTU|) and (1121) to 

F ->• e" 00 * F ; e"* ->• e*° (24) 

Using the identity (fl~5l) . one finds the following transformations: 

e - 3 ^Tr(F v F 2 -F 3 -F r F 5 -F 6 ) -> -e~ 3 ^Tr(F v F 2 -F r F 4 -F 5 -F 6 ) 

e - 3 ^Tr(F r F 2 )Tr(F 3 -F 4 -F 5 -F 6 ) -► - e - 3 ^Tr(F 1 -F 2 )Tr(F 3 -F 4 -F 5 -F 6 ) 
e- 3 ^Tr(F r F 2 )Tr(F3-F 4 )Tr(F 5 .F 6 ) -> -e-^Tr^-F^Tr^-F^Tr^-Fe) (25) 



As a result, the contact term (J2T1) is antisymmetric under the S-duality transformations 
d, i.e., 



V(Fi, F 2 , F 3 , F 4 , F 5 , Fq 



-> 



-V(.Fi, -F2, F 3 , F4, F 5 , F 6 ) 



(26) 



This is consistent with the fact that the DBI action is not invariant under the S-duality. 
Because of the above transformation, one expects the massless poles transform to the 
massless poles and twice the contact term V(Fi, F 2 , _F 3 , F4, F 5 , F 6 ). 



The scattering amplitude ( 1T9~j) transforms under the S-duality (JUJ) to 
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(27) 



where *A\ is the same as ( 122|) in which Fi is replaced by *Fi, and similarly for all other 
*A 2 , • • ■ , *A\o. One may write the *Fj in the amplitude ( 12TJ) as (*Fi) a b = \e a b c dF^ d and 
then use the identity (TT5|) to remove the six volume forms, i.e., rewrite the amplitude in 
term of various contractions of F,, and then compare the result with the original amplitude 
(TT9~j) . In this approach, in order to use the identity (TToT) . there are different ways to pair two 
volume forms. Different parings give different expressions for the amplitude (T2T1) in terms of 
Fi. However, they all must be identical. In fact, the expression N-*Fy*F2-*F%-*F l i-*Fz ) -*F§-M 
where N, M are two arbitrary vectors, can be written in 15 different expressions. These 
identities result from 15 different paring of volume forms. Using these identities, we have 
found that the amplitudes ( 1T9l) and ( 1271) are identical. 



Alternatively, one may use the matrix form of field strengths F and *F 



( 

—E x 

— Ey 

\-E z 



E x 


B z 
—B„ 



Ey 

-B z 




E z \ 

By 

-B x 
J 



( ° 



B , 



*F 



-B, 



— By —E Z 



\-B z 



E„ 



By 

E z 



— E T . 



B z \ 

-Ey 

E x 
J 



(28) 



to write the amplitudes ( Tl9|) and ( )27j) in terms of electric field E and magnetic field B- In 
this way also we have found that the amplitude ( TT9l) is invariant under the S-duality ( )24l) . 



i.e., 



A = A 



(29) 



This ends our illustration of the fact that the S-matrix element of six gauge bosons satisfies 
the Ward identity corresponding to the S-duality. We have also calculated the S-matrix 
element of two gauge bosons and four transverse scalars and found that the amplitude 
satisfies the Ward identity corresponding to the S-duality transformations 
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